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Solutions of the heat equations

u (x, ) =u(x,t) on(-»,=)x {t>0}
u(x,0) = F(x) on (-, x),

where F belongs to the weighted L?[R, exp(—ax?) dx] space, are used in order to
study best approximation problems. © 1994 Academic Press, Inc.

1. INTRODUCTION

Throughout this paper, a is a non-negative constant. Let R = (— oo, )
and for 1 — 2at > 0 let
W el R
= € R.
a.l(x) 1 . 2at ’ X

Let up(x,t),0 <t < 1/2a, denote the solution of the Cauchy problem
u  (x,t) =u,(x,t) onR x {¢t > 0} (1.1)
and
u(x,0) = F(x) on R, (1.2)
where F € LR, exp(—ax?) dx]. We then have
up(x,t) € L*[R, exp{(W, ,(x)}dx]

(see Theorem 2 below).
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SOLUTIONS OF THE HEAT EQUATION 227

Given h € LR, exp{W, (x)}dx], with ¢ fixed, we want to minimize the
expression

jRIuF(x,r) ~ h(x) " exp{W, (x)} dx,

where F runs over L2[R, exp{ —ax?) dx]. We have two main results.
First, we determine a necessary and sufficient condition on # for which
there exists F € LR, e **" dx] with

[Jue(x, 1) = h(x)[ exp(W,, (x)) dx = 0.

Since if ug(x,t) is a solution of (1.1) and (1.2) then u(z, () is an entire
function of z, the condition on /4 is connected with the analytic extension
of h to the complex plane.

Secondly, we will construct for any given A in LR, exp{W, (x)}dx] the
minimizing sequence {u } for which

lim [|ug(x,t) = h(x)| exp(W,, (%)} dx = 0.
n—e/g

Some aspects of our method have appeared in [1].

2. SOLUTION SPACE

We first characterize the Hilbert space formed by the solutions u(x, t)
of (1.1) and (1.2) using the theory of reproducing kernels [5]. ,
We define a linear operator L on functions F € LR, e ** dx] by

(F(‘f)’ h(x — &, t)eafz)LZ[R,e‘"izdfl

=up(x,t),

where h(x,t) is the heat kernel (1/ V4r¢ Ye=**/%_ Then the range of L
forms a Hilbert space Hy, ,, with the reproducing kernel

K(z,@;a,t) = (h(z = £,1)e°€ h(u — £,0)€™) 3. oot 4]

LF(x)

[h(z — £, 1) h(T — £, 1)e€ dE
R

1 1 — dat ,
= expl{ — ———————2
2/2mi(1 = 2a1) T\ 8e(1 - 2ar)

1~ dar z
' exp{_ 8(1 = 2at) }ex"{ ar(1 = 2ar) } (21)
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Furthermore, the norm in Hyon satisfies the isometrical identity
lurCr ) b, = NF N 2m, o6 agy.

By the arguments in [7, Theorems 3.1 and 4.1] we obtain

THEOREM 1. For any fixed t, 1 — 2at > 0, the solutions u{x,1) of
(1.1)—(1.2) are extensible analytically on C in the form u(z, t) and form the
reproducing kernel Hilbert space Hy, ,, with the norm

2 1
“uF("t)“HKw,nz mlfc‘up(l,t)(z
. exp{Wa,,(x) - g—t—} dxdy.

Furthermore the initial functions F are given by

F =5 — lim ug{z,tYh(z — &t
(£) Jim h————“(l — [/W H(2,0h(z — £.1)
y?

’ exP<Wa {x) — _"_} dxdy,
' 2t
where the limit is taken on LR, exp(—a&?) dé€].
Note that
(up( ) ug( o 1)) g, = (F.G) 12m. =o€ ag).

Thus the second part of Theorem 1 follows formally from

F(‘P)e ¥ = (Fiaap)LZ[IR,e'"Ezdf]
= (UF( 1), uﬁp( > t))HK(a.l’

= (up(, 1), h(- = ¢,1))Hy, s

where 3, is the dirac delta centered at ¢.
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In Theorem 1, from the identity

L] uelz0n(z - W)exp{Wa.,(x) - X—} dx dy
2341 2t

yI <N
- fR[RF(x’)exp{Wa,.(X)}

X(f h(z—x',t)h(i~—<p,t)e_"2/2’dy)dx'dx
Iyl <N

in N((x' — ¢) /2t
=2[R(jRF(x')h(x—x',z)s'" (i,(i‘P)‘;Z )dx')h(x—<p,t)

cexp(W, (x)} dx,

we have the pointwise convergence in the form
et

F(g) = Jlflm m}%]{y[([\luf‘(z,t)h(z —§,t)

2

L
2

-exp{wa_,(x) - }dxdy.

3. InequaLiTYy OF FriER-Riesz Tyre

We define the linear operator T : Hy, ,, = LR, exp(W, (x)}dx] by
the restriction 7Tf of f to R. Then, the following inequality of Fejér—Riesz
type (cf. [3]) implies that T is well-defined and bounded on the space

HK(a,r)'
Tueorem 2. For any f € Hy, ,, the following inequality holds:

[ exp{Wo (0} dx <, (3.1)

Here, the constant 1 as the coefficient of ||f Hf,m_” is best possible in the
inequality.

Proof. From the kernel form (2.1) and (2, Sect. 8 in Part I], f(€ Hy,, ,,)
is expressible in the form

1 — 4at

1
f(z) = zm exp{—mzz}f](z), (3.2)
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where f,(z) is a member in the reproducing kernel Hilbert space H,
determined by the positive matrix

K _ zu
(z,u4;a,t) = — 1.
(z.8:a,1) = exp| T 500

Moreover, we have the isometrical identity

ot = I £, (3.3)

2y2me(1 - 2at)

Meanwhile, we recall the identity

. 2t(1 — 2ar) —z?
K'(z #a.1) = - P\ 81(1 - 2ar)

=2

g )
. exp{g(—l_——2_:zt_)—>[[;{qz£eu§ exp{—2¢(1 — 2ar) £} dé.

This representation implies that f, is expressible in the form

21(1 ~ 2at) -z?
f(2) =y - exP{St(l - 2at)>

-fRF,(g)er exp{—21(1 ~ 2at)£?) d¢ (3.4)

for a function F, satisfying
fR|F,(§)l2exp{—2t(1 ~ 2at)£2) dE <
and we have the identity

20(1 - 2at)

m

A leF.(f)lzexp{~2t(1 — 2at)£’} dé (3.5)

(see (S]). By applying Plancherel’s theorem to (3.4), we have, from (3.5)
Y ~y?
fﬂlfl(W)l CXP{m} dy
= 41(1 - 2at) [ |F,(6)) exp{—4t(1 - 2ar)£?} d¢
R

< 4r(1 - 2at) [ | Fy(&)Pexp{—2¢(1 - 2ar) %)} dé
R

= 2/2mi(L = 2a0) N3, (3.6
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Put g(z) = f(—iz). Then, g belongs to H,, and liglly, = ll f\)lu,. Hence,
we have

—y2

2
2 x Ly 2 -y
————— 3 dx = — ) d
fRIfl(X)I exp{4t(1 — Zat)} fRIg(W)I exp{4t(l -~ 2at)} y
< 22711 = 2a) | f M3, (3.7)
Hence, from (3.2), (3.3), and (3.7) we have the desired inequality.
Next, we refer to the sharpness of the inequality. For any a: 0 < a < 1,
we set
S.(€) = aexp{—21(1 — 2ar)¢?} — exp{—4r(1 — 2ar)€?).
Since the sharpness of the inequality depends on that of the inequality in

(3.6), for any « it is sufficient to construct a member in L3[R, exp{—2¢(1 —
2at)¢?} d€] satisfying

[]GuOIS.(8) de < 0.

However, since S_(0) < 0, the existence of G,(¢) is apparent.

4. EXISTENCE OF BEST APPROXIMATION
For any fixed ¢t:1 — 2at > 0 and for a function h €
LR, exp{W, (x)}dx], we determine a condition for the existence of the

approximation u(z,t) € Hy, ,, in the sense that there exists a member
F in L’[R, exp( —ax?) dx] such that

[ Jur(x,1) = h(x) PexplW, (x)}dx = 0. (4.1)

THeOREM 3. For h € LR, exp{W, (x)} dx], there exists a member F €
LR, exp(—ax?) dx] satisfying (4.1) if and only if

Ik

2

(1 + dar)¢? z¢
fR"(g)e"p{_ 81(1 — 2at) ' 4r(1 - 2at) } d¢

3| ed 42
. —_— < 20, .
KA T20(1 = 2ar) [ FP 7 (42)
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Proof.  First, note that the adjoint operator T* of T is well-defined by
Theorem 2, and

[T*G](Z) = (G( -)’ K(9 z;aat))Lle,exp(Wu.,(x))dx

for G € L?[R, exp{W, (x)}dx]. Since {(K(-, Z;a,t)|z € C} is complete in
LR, exp{W, ,(x)} dx], the operator T* is one to one. Hence there exists a
member F in LR, exp(—ax?)dx] satisfying (4.1) if and only if T*h
belongs to the range of Hy, ,, under the operator T*T. If f is a member
in the range of T*T, we can write, by a member g in Hg, , with
T*Tg = f,
f(z2) =(T*Tg,K(",Z;a,t)) Hy,.,
= (& T*TK(", Z;a,1)) Hy - (4.3)

Following the general idea in [5), we characterize the members in the
range of T*T. From the expression (4.3), we compute the complex kernel
form

k(z,u;a,t) = (T*TK(",u;a,t), T*TK(",Z;a,t)) g
= (TK(-,ii;a,t),TT*TK(',Z;a,t))Lz[R,exp(wM(,),dX].

Meanwhile,

[T*TK(‘,l_l;a,t)](Z) (TK(',u;a9t): TK(: 2;avt))Lz[R,exp(Wu',(x)}dx}

1 (1 - 8ar)z?
T ami(l - 2ar) exp{" 161(1 — 2at)}
(1 - 8at)u? zit
.exp{_ 166(1 — 2ar) }exP<8t(1 ~2ar) }
(4.4)

Hence we obtain the identity
k(.0 ) 1 (1 - 12ar)z?
z,u;a,t) = exp{ - ————
2ont(1 = 2at) P\ 241(1 - 2at)

(1 — 12at)? z
P{‘W}P{m} (45)

Meanwhile, from this expression (4.5), we see that k(z,&;a,t) is the
reproducing kernel for the Hilbert space H,, ,, consisting of all entire
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functions g with finite norms

2 _ 1 2
”gHHk(a_,,_ Vm /’Lj|g(2)|

(6at — 1)y?

'exp{w“"(x) T or(1 = 2ar)

}dxdy (4.6)

(see the similar argument in [6]). From the representation of T*, we have
the desired theorem.

5. REPRESENTATION OF ANALYTIC EXTENSION

For h in LR, exp{W, (x)}dx] satisfying (4.2), note that from (4.1),
h(x) is extensible analytically onto C except for a set of measure zero and
the analytic extension h(z) belongs to Hyg., ,. We give the following
representation of k(z) in terms of h(§):

TueorReMm 4. For a member in LR, exp{W, (x)}dx] satisfying (4.2),
the analytic extension h(z) is expressible in the form

1 _ (1 - 8at)z?
16V3 {me(1 — 2ar)}*? exp{ 16¢(1 — 2at) }

(1 + 4at)¢? VAS
Stlmons|- G0

{(19 ~ 16at)X>  (-65 + 48ar)Y?
- exp

h(z) =

16:(1 — 2at) 48t(1 — 2at)
Zz + iXY xdy
+4 ——
8t(1 — 2at) ’
Z=X+iy. (5.1)

Proof. Let S be the adjoint operator of T*T from H,, ,, to Hg.,
Then, since T*T is an isometry of Hy,, ,, onto H, ,,, the operator § is
the inverse of T*T. Moreover, T*h = T*TST*h, and h = TST*h. Hence,
from (4.6) we have the desired representation

h(z) = [ST*h](z2)
= (ST*h,K('sE;avt))’lK(a.I)
= (T*h,T*TK(",%;a,1)) n,, .,
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Meanwhile, from Lemma 1 in [4] we can obtain another representation
of h(z).

Since h(z) belongs to the space Hy(, ), the norm of h(z) in Hy, ,, is
expressible in the form

2

h(z)exp{

WAl Fry., = 1 —
Hyan — W——zaﬁ ffc 2(1 - 2at)

yZ
Cexp{ — s ) dx
exp{ 2t(1~2ar)} &

= {2t(1 - 2at)}" ., ax?
2;: mfwa" [I’z(x)exp{—--—«——-z(1 Tar) ”

2

(5.2)
Hence, from the reproducing property in Hy (4 1), We have

h(z) (h() K(-,Z;a, t))”mun

é Mfﬂ"[h(f)exp<l m}]

a"[m ta, t)exp{1 ,(§)}]

Il

Il

6. APPROXIMATION BY THE SOLUTIONS

For any h € L’[R,exp{W, (x)}dx], we construct a sequence {u,(z)}
such that u,(z) € Hy,, ,, and

lim [ Jun(¥) = h(x) [ exp{W,, (1)} dx =
First note that the images

f(2) =(T"g)(z) = (8("), TK(", Z;2,1)) LR, expiw, () dx]

of the members g in LZ[R,exp{Wa_,(x)}dx] are characterized as the
reproducing kernel Hilbert space Hy, ,, whose reproducing kernel is

K(Z,L_l;a,t) = (TK(aa;aat)yTK(a 2;a7t))LZKR,Exp(W,,"(X))dX]'
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From the concrete expression (4.4) of K(z, #; a, t)} we see that the family
of functions

e (2) = %[n!{St(l = 2at))"Yme(1 - 2(11)]_1/2

(1-8at)z?) B
.exp{—m}z (n=20,1,2,...) (6.1)

is a complete orthonormal system in Hy,, ,,. Note that
¢, € Hyy 1y n=2012,....
We set
a, = (T*h, @,) Hya.,

and
. N
fN(Z) = Z an‘Pn(z)‘
n=0

Then, f, € Hy a1y © Hy, ,, and the sequence {fy} converges to T*h in
Hy,,, a8 N tends to infinity. As in the proof of Theorem 4.1, we
construct the sequence u’ satisfying

T*Tu, = fy.

Since the adjoint operator T* is an isometry of LR, exp(W, (x)}dr]
onto Hy, ., we obtain

THEOREM S. For any h € LR, exp{W, (x)}dx], let the sequence
(s _ be constructed by the above method. Then, we have

Jim [ I[Tuk](x) = A exp{W, ,(x)} d = 0.

7. REPRESENTATION OF PaAssep TIME

Most of initial value problems for the heat equations in which one is
interested deal with initial values with compact supports. Meanwhile, we
see, by some arguments in Section 2, that the solutions of them can be
extended as entire functions for any fixed positive time point. Hence, the
analyticity of such solutions may have a clue for representing the passed
time in terms of the current heat distributions.
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Although it is implicit, we obtain, by virtue of Theorem 3, a formulation
as follows.

THEOREM 6.  Suppose that h(x) (# 0) is, to some fixed time t;, > 0, the
trace of the solution of an initial value problem for the heat equation in
which the initial values are zero outside a bounded set and depend continu-
ously on the space variable. Then the time t is represented by

& zey [
_sup{t>0 ff‘f h(f)exp —8—+4—t)d§’

—3x2+y?
“exp TP dedy < o}, (7.1)

Proof. We denote the initial values by F(x). Then we have the expres-
sion

h( x / F(g)exp< (x &) }dx.

4[]

‘/__

Setting a = 0 in Theorem 3, it is sufficient to prove that the right hand
side of (7.1) is finite, and that it is equal to or less than ¢,. We assume
that, for some s > ¢,

o 2 2
fftif_xh(f)exp(—-g-s - %) dg

Again, by Theorem 3, there exists a function G(x) in L*(R) such that

-3x2 +y?

dxdy < =,
125 v

exp (

(x—¢)

hix) = 4s

G(§)exp{ }df, xR,

1
Vams
and so we obtain, by the method of Fourier transform, the representation

Wf G(§)exp{ i(_g))}d.g x €R.

This implies that F is the restriction of an entire function to R. We
therefore have a contradiction for our hypothesis.

F(x) =
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Remark. In Theorem 2, we have, in general

Tueorem 7. For G € LP[R, dx], 1 < p < «, define a linear operator by

[SG1(x) = up(x, )exp{3W, (x)},

where F(x) = G(x)e*** /2. Then the following inequality holds:
ISGll, < (1 = 2at)' " VGIl,, 1<p <.
Proof. For all x € R,
[SG1(x)| = [h(x = &0)e* G (£) de exp{1 ,(x)}
<Gl fh(x—é t)e “dgexp{l ,(x)}
Gl

T2 2a

Also,
1561 = [ [ 0x = .01 F(©) e Jero] S0, () a
= [ [ ey o0 e Pt e

=Vi- 2atf|F(§)\€_”£z/2d§
R
= v1 — 2at||Gl),.

By the M. Riesz convexity theorem, our inequality is obtained.
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